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ABSTRACT:

The school bus routing problem has been known to be
a sensitive issue; furthermore, in the current context
in which the population is concentrated in urban areas
and traffic becomes an element that adds complexity
to the problem. It is specifically hard when the travel
time, from node to node, changes depending on the
start time of the travel. In that sense the paper
presents this component, known as time dependent, is
introduced into the school bus routing problem.
Keywords: School Bus Routing Problem, Time
Dependent, MILP, VRP

RESUMEN:

El problema de ruteo de buses escolares es un tema
sensible en el contexto actual, en el que la poblacién
se concentra en areas urbanas y el trafico se convierte
en un elemento que le agrega complejidad.
Especialmente cuando el tiempo de viaje, de nodo a
nodo, cambia segun la hora de inicio del viaje. En este
documento se presenta este componente, conocido
como dependiente del tiempo, el cual se introduce en
el problema del ruteo de buses escolares.

Palabras clave: Ruteo de Buses Escolares, Rutas
tiempos dependientes, MILP, VRP
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1. Introduction

The School Bus Routing Problem, (SBRP), has been widely studied since it was proposed in the
literature (R M Newton & Thomas, 1969). The SBRP in general has as goal to plan an effective
schedule for a fleet of school buses, in which each bus picks up students from several stops and
then drives them at school; the situation is the same in the return route, from the school to their
homes (J Park, Tae, & Kim, 2010).

In the planning of school routes, several needs and restrictions must be considered like:
minimization of a child's time in the transportation system, maximum bus capacity, and time
windows for the arrival to the school and minimization of the total distance traveled. All previous,
generates a complex problem that has attracted the attention of a significant number of
researchers (Kinable, Spieksma, & Vanden Berghe, 2014).

The SBRP is part of the family of the vehicle routing problem, (VRP, Vehicle Routing Problem) (X.
Chen, Kong, Dang, Hou, & Ye, 2015b) and is composed of three main sub-problems: a) The
allocation of stops to the buses; b) The assignment of students to buses c¢) the route selection of
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each bus. These types of problems are of type NP-Hard. (J Park et al., 2010), (Kinable et al.,
2014), (Figenschuh & Martin, 2006), (Rocha, Gonzalez, & Orjuela, 2011).

On the other hand, the growth of urban areas has caused the quality of life to be affected by
congestion in traffic. Likewise, cities become less competitive because of increases in travel times,
fuel consumption, atmospheric pollution and the operating costs of the fleets.

School transport is part of this mobility problem, although it is only one of the components it is
directly affected by the same factors. The transportation of students to schools and colleges is one
of the generators of a large amount of morning traffic and generally during peak hours; the school
transportations users are composed from on one hand, the parents who decide to take their
children to school, sometimes sharing a vehicle with some neighboring children, and on the other
hand, the school buses that provide this special transportation service.

Table 1
Review of literature on SBRP

Time Mixed Multi- . . .
Reference o Social Environmental Economic
Dependent Load objective

(Braca, Bramel, Posner, & Simchi-

. No Yes No No No Yes
Levi, 1997)
M Bierlai Liebli
(M Spada, Bierlaire, & Liebling, No Yes No Yes No No
2005)
(Junhyuk Park & Kim, 2010) No Yes No No No No
(Junhyuk Park, Tae, & Kim, 2012a) No Yes No No No Yes
(Schittekat et al., 2013) No Yes No No No Yes
(Bogl, Doerner, & Parragh, 2015) No Yes No No No Yes
(Ellegood, Campbell, & North, No Yes No No No Yes
2015)
(X. b Chen et al., 2015) No Yes Yes No No Yes
K Kim, Fel hoi h
(Kang, Kim, Felan, Choi, & Cho, No Yes No No No Yes
2015)
(Silva, Sarubbi, Silva, Porto, & No No No No No Yes
Nunes, 2015)
(Souza Lima et al., 2016) No Yes No No No Yes

Several authors have raised the importance of involving the effects of traffic on routing problems
(Sankaran & Wood, 2007; Ziliaskopoulos & Waller, 2000) and various applications have been
developed in that direction (Afshar-Nadjafi & Afshar-Nadjafi, 2014; Z Duan, Sun, Sun, & Li, 2015;
Ehmke, Campbell, & Thomas, 2016; Setak, Habibi, Karimi, & Abedzadeh, 2015; Soysal, Bloemhof-
Ruwaard, & Bektas, 2015; Wen & Eglese, 2015; Zare-Reisabadi & Mirmohammadi, 2015).
Specifically in the SBRP, (Levin & Boyles, 2016) recognized its complexity by addressing the effect
of peak and off-peak hours.

Two approaches have been developed to address the school bus routing problem (M Spada,
Bierlaire, & Liebling, 2005): the focus of the home and the focus of the school. In the first, mixed
loading is allowed; that is, children from different schools can be picked up at the same time by a
route (Junhyuk Park, Tae, & Kim, 2012b). Conversely, in the school approach mixed loading is not
allowed. The last one is the problem most addressed in the literature from the perspective of the
so-called Capacitated VRP (X. Chen, Kong, Dang, Hou, & Ye, 2015a; Desrosiers, Ferland,



Rousseau, Lapalme, & Chapleau, 1981). This approach, in addition, considers the time de-pendent
as a differential factor in the analysis.

Although it is true in the literature, different researches have been raised about the time
dependent CVRP, in the specific case of school bus routing, no concrete applications have been
identified. As seen in the table 1.

1.1. Elements of the SBRP

In (J Park et al., 2010) a generic decomposition structure of the SBRP is presented. This
decomposition of the SBRP is proposed in order to divide a big problem into small sub-problems
which can be solved separately, facilitating the solution of the global problem.

Although the proposed decomposition is an aid for the solution of the school bus routing problem,
it cannot always be carried out, because every vehicle routing problem has its own elements that
make it difficult to characterize. According to the re-search carried out by Park et al. (J Park et al.,
2010), in most of the literature they only consider some sub-problems and those are treated
separately due to their complexity and size. How-ever, it is still an indispensable tool to divide the
problem and solve it step by step. The five sub-problems of the SBRP are: data preparation,
selection of bus stops, generation of routes, adjustment with the school bell and bus
programming.

Data preparation. The objective of solving this sub-problem is to characterize it and prepare the
data in such a way that it can be used to solve the following sub-problems, where the main
deliverable of this part is the characterization of the nodes (students and school) and the matrix of
distances between them.

Characterization of the SBRP. For the selection of the different solution techniques and the
different ways to approach the SBRP problem it is important to define the main characteristics that
are decisive for the roads to be taken. Throughout the development of the SBRP, 8 main criteria
have been highlighted, which were proposed by J Park et al., (J Park et al., 2010).

Distance matrix: The main deliverable of this sub-problem is the distance matrix, which has the
information of the distance between students and schools among themselves; that is, a matrix of
NxN must be proposed, where N is the total number of students plus the number of schools. The
preparation of data is one of the sub-problems that have been least documented (J Park et al.,
2010), especially the matrix of distances between nodes since this, usually, it is assumed or
generated by some software and therefore not enough research has been devoted to this sub-
problem.

Selection of bus stops: This sub-problem seeks to select a set of bus stops and assign students
to these stops. However, some problems do not consider the possibility of bus stops but the
students are picked up in their homes. this sub-problem can be divided into two classes: LAR,
Location-Allocation-Routing and ARL, Allocation-Routing- Location, (J Park et al., 2010).

Generation of routes. This sub-problem is directly related to the problem of vehicle routing. Its
objective is to determine the route of each bus, seeking to optimize the indicators according to the
desired priority and the objectives of the distance matrix. The generation of routes is constituted
in @ VRP and its solution methods can be ex-act, heuristic, metaheuristics or specialized software.

Adjust to the school bell. Although in most school bus routing problems the start and end times
of the routes are restrictions that are assumed to be constants of the problem, in some problems
these can be decision variables to find the optimal time of initialization or completion to maximize
the number of students that can be picked up by the same bus and in this way, reduce the
number of used buses. This is one of the sub-problems that have been least treated in the
literature (J Park et al., 2010), (Desrosiers et al., 1981). This variant implies the modification of
the start of classes and no importance is given to the time students spend on the bus to give
priority to the optimization of the productivity of the vehicle fleet.

Bus programming. This sub-problem occurs when there are routing situations of school buses
with more than one school. The bus schedule defines the exact start and end time of the different
bus routes. (Rita M. Newton & Thomas, 1974) develop a model that determines the programming
of buses for different schools in the same district assuming that the time windows of the schools
are different and allowing students from different schools to board the same bus. One of the
strongest restrictions when dealing with SBRP with multiple schools is the time of entry to them,
since all the works that have been done take into account more than one school assuming that
their hours of entry are not equal.



1.2. The time dependent SBRP

The time dependent SBRP, tries to introduce the effect of aspects such as congestion and weather
to the routing problem. In such a way that it states that the time between a node and another
node does not remain constant over time, that is, said time can change depending on the moment
in which the journey begins. Recently this problem has attracted great interest from different
researchers and several important researches have been developed. Below, some are exposed and
grouped according to the solution strategy used.

Exact methods. (Bhusiri, Qureshi, & Taniguchi, 2014) present a Branch and price for VRP with
soft time windows with penalties, considering the time-dependent arrivals. On the other (Dabia,
Ropke, van Woensel, & De Kok, 2013) present a Branch and price for TDVRPTW minimizing the
time spent on the route. (Dohn, Rasmussen, & Larsen, 2011) solve the problem based on a
column generation strategy. (Koc, Karaoglan, Kog, & Karaollan, 2014) develop a linear
programming model for the time dependent problem, where no subsequent output of a node can
first arrive at a previous, First-In, First-Out. Another alternative modeling is presented in (H.-F.
Wang & Lee, 2011). (Y. Y. . Kuo, Wang, & Chuang, 2009) work in the optimization of the
allocation of the merchandise in the time dependent VRP. A time dependent VRP is developed in
Mancini (Mancini, 2014) taking into account the vehicular congestion, having as a real case study
in Torino. A model for the stochastic TDVRP is presented in (Nahum & Hadas, 2009) and a linear
programming model for the two step TDVRP for cold chain logistics are presented in (Soysal,
Bloemhof-Ruwaard, Bektas, et al., 2015), it takes into account the emissions and multiple
variables of real life.

Heuristics. The time dependent VRP has been treated with different types of heuristics, for
example developments based on constructive Heuristics can be seen in (Afshar-Nadjafi & Afshar-
Nadjafi, 2014; Z Duan, Yang, Sun, & Wang, 2010). Developments that involve dynamic
programming heuristics are found in (Kok, Hans, & Schutten, 2012; Kok, Hans, Schutten, & Zijm,
2010; Li, Li, & Gao, 2012); also other different heuristics are presented and compared in (Andres
Figliozzi & Figliozzi, 2012; H.-K. Chen, Hsueh, & Chang, 2006; Hu & Tang, 2009; Huart, Perron,
Caporossi, & Duhamel, 2016; Malandraki & Daskin, 1992). A hierarchy algorithm for the TDVRP in
intelligent transport systems is presented in (Nejad, Mashayekhy, Chinnam, & Phillips, 2016).

Metaheuristics. The metaheuristics found in the references to address the time de-pendent VRP
are presented below: The genetic algorithm application can be seen in (Haghani & Jung, 2005;
Jung & Haghani, 2001; Liu, Lin, Chiu, Tsao, & Wang, 2014; Tang, Shi, & Meng, 2008; X. Wang,
Yang, & Tian, 2013; Xin, Goncalves, & Dupas, 2008; X. Zhao, Goncalves, & Dupas, 2009).
Different researches about the Ant Colony Strategy can also be found, for example (Balseiro,
Loiseau, & Ramonet, 2011; B. Chen, Song, & Chen, 2007; Donati, Montemanni, Casagrande,
Rizzoli, & Gambardella, 2008; Z.-Y. Duan, Yang, & Wang, 2010; Zhengyu Duan, Sun, Sun, & Li,
2015). Some ant colony hybrids with tabu search can be seen in (Zare-Reisabadi &
Mirmohammadi, 2015). Applications with pure tabu search are found in (Ceschia, Di Gaspero, &
Schaerf, 2011; Cordeau & Laporte, 2001; Jabali, Van Woensel, De Kok, Lecluyse, & Peremans,
2009; Nguyen, Crainic, & Toulouse, 2013; Setak et al., 2015; Tas et al., 2014; Z.-G. Wang, Liu, &
Wang, 2006; Zare-Reisabadi & Mirmohammadi, 2015). Other heuristics have been applied less
frequently in the literature, for example different local search algorithms can be seen in (Demirel,
Demirel, & Tasdelen, 2008; Hashimoto, Yagiura, & Ibaraki, 2008; S.a Kritzinger, Tricoire, Doerner,
& Hartl, 2011; Stefanie Kritzinger et al., 2012; Tas et al., 2014). On the side of the PSO, or
particle cloud you have (Mousavipour & Hojjati, 2014; N Norouzi, Sadegh-Amalnick, & Tavakkoli-
Moghaddam, 2016; Narges Norouzi, Sadegh-Amalnick, & Tavakkoli-Moghaddam, 2015; Y. Zhao,
Wu, Wang, & Zhang, 2008). Some applications are also found using the heuristic goal of simulated
annealing, see for example (Y. Kuo, 2010; Narges Norouzi et al., 2015).

In the review it is identified that the time dependent VRP has been treated with different
approach, from optimization to heuristics, however, the specific problem in the routing of school
buses has not been addressed until the present revision, although authors agree that it is
important to involve the effects of traffic on the problem.

In this sense, a mathematical model is developed below for the problem of school bus routing with
simple load, assuming buses start at school and end there. It is considered a heterogeneous fleet.

It is assumed that a node can only go one vehicle to avoid confusion in the boarding of children.
They are considered windows of time for the entrance to the school. Time Dependent are
considered depending on traffic, it is not allowed that the vehicle once starting stop to wait for the



traffic to go down. It is assumed that the children are picked up door to door and it seeks to
minimize the duration of the route with the longest travel time.

2. Methodology

Based on the models presented in (X. Chen et al., 2015a; Ebensperger, 2009; Haghani & Jung,
2005), the following proposed model is presented in which the time dependent SBRP with the
characteristics presented above are introduced.

Sets

VH = Set of vehicles or Routes. Index, v.

NO = Set of household nodes, Index, i and j.
PE = Set of periods or time intervals. Index, t.

Parameters
tvij = Travel time of the node i to node j in t period.
gi = Number of children in the node i.
capk = Vehicle k capacity.
temp = Earliest time to enter the school.
taro = Latest time to enter school.
at; = Service time in the node i.
iit = Beginning of the interval of period t.
fit = End of period interval t.
Decision variables
1 if the vehicle, k, leaves the node, i,
Xkitj = in the period, t, to the node, j

_ 0 otherwise .
[1 if the vehicle, k, serves the node, i

Y. =
ki 0 otherwise



TP = Vehicle departure time k from node i
Tl = Service start time of the vehicle k in the node, i

Objective Function

Min TMAX = TRMAX (1)
Restrictions
TRMy, < TRMAX kev 2)
TRM}, = Tl — TPyq vk € VE 3)
kai =1 VieNO,i#0 (4)
kevH
Xy =1 Vi€eNO,i#0 (5)
keVH tePE jeND/j=i
Zka =1 VjeNO,j#0 (6)
KEVH ieNO/i#j tEPE
Xoj =1 vkeVH (7)
tePE JENQ/ j=0
Xt =1 vk e VH (8)
IENO/i50 tEPE
ZZxkiﬂl=z Zxkhq- vk € VH,h € NO (9)
1IENO tePE tePE jeNO
Qi * Yii < capg YkeVH (10)
IENO/ i#0
temg = Tl < targ vkeVH (11)
D TR+ YD Kugrtvig £ ) mj+(1— > ka)*M ¥ij € NO,i .
keVH keVH tEPEl keVH keVH tePE
#*
(13)
Z TPy + Z Zxkiq-*wm +(1— Z Zxkiﬁ)*mz Z Thi V¥ ij ENOi#j
keVH keVH tePE keVH teEPE keVH
TPy = Tl + at; — (1 — Yg;) + M Vk € VH,i € NO,i # 0 (14)
TPy < Tl + at; + (1 — Yg;) + M Vk € VH,i € NO,i # 0 (15)
Xigg *iit <TP; Vv ke VH,i eNO (16)
tEPE jENO/j#i
Tpkfsz Z Xag*fic, Vv kEVH,i €NO (17)
tePE jeENO/j=i
Yy = Z Z Xijti v keVH,i €NO (18)
JENO/j#1 tEPE
TPy < Yii * M vkeVHi €NO (19)
Ty <Y *M VkEVH,i € NO (20)

A brief description of the presented equations is the following:

(1) Objective function: minimize the travel time of the longest route. (2) Min-max linearization (3) Travel time of
the route, k (4) Every node must be assigned to a sin-gle route, to prevent a child from getting on the wrong route.
(5) Only one vehicle can leave a node, in a single moment of time, to a single node. (6) Only one vehicle can arrive
at a node, in a single moment of time, from a single node. (7) A vehicle can only start a single route, in all periods,
to a single node. (8) A vehicle can only end a single route, in all periods, from a single node. (9) continuity of the
route. (10) The number of children to carry in the vehicle cannot exceed the capacity of this.

(11) The time of arrival at school must be between the earliest and the latest time allowed. (12) and (13) guarantee
that the start time in the node, j, must be equal to the starting time of the node, i, plus the time of displacement
from the node, i, to the node, j. when it goes from i to j. (14) and (15) They guarantee that the starting time of a
node is equal to the attention time of that node plus the start time. (16) and (17}, ensure that the departure of
node i, is done in period t. (18) ensures that a student can go from any node, j, to the node, i, in the vehicle, k, if
and only if the node, i, has been assigned to the vehicle, k. (19) and (20) they guarantee that the departure time
and the start time in a node, only take values, if that node has been assigned to that route.

3. Results

3.1. Case study

The tvitj parameter is presented in table 2. The times of the school trip (node 0) are presented to
all the other nodes for each of the time intervals, an equal table was developed for each node in
relation to the others.



Table 2
Time Dependent for i=0

[0, t, j]: Nodes 0 1 2 3 4 5 6
1 0 5 4 1 3 1 2
2 0 6 5 2 4 2 3
Periods
3 0 7 6 3 5 3 4
4 0 9 8 5 7 5 6

Fig. 1 shows the behavior of the travel times for school to node one, in the different periods of
time with the duration of their respective intervals.

Time Dependent of the arc E(Ia%\;v:en the school and node one
Time(Min)
9
8
7
B
5
4
3
2
|
0
[ 2 3 ) Periods
6:00 - 6:15 6:15- 6:30 6:30 - 6:45 6:45 - 7:00 Intervals

Table 3 and 4 respectively show the details of the vehicles and the nodes.

Table 3
Vehicle details

Vehicle Capacity
( #kids)

1 4

2 4

3 3

Table 4
Node details

Nodes at q

(min.) (#Kids)



1 1 1
2 1 2
3 1 2
4 1 1
5 2 5
6 1 1

It is established that vehicles can not arrive at school before 6:45 am and cannot arrive later than
6:55 am, for this reason it is assumed that the time of service in the school is zero, since it is
assumed that if a vehicle arrives at 6:55 am, which is the end of the school time window, in the
remaining time until 7:00 a.m., which is the beginning of the day, the children reach to get out of
the vehicle and reach the classroom.

3.2. Analysis and Results

The proposed model was implemented in AMPL® and the presented instance was resolved through
the Neos Server, using the CPLEX AMPL solver. Next, in figure 2, the detail of the route 1 is
presented. The ovals represent the visited nodes and the circles the time intervals.

Since the window of time, at school starts at interval three, that is, at 6:45 a.m., and keeping in
mind that the vehicle does not wait at any other node, it is identified that the model ends the
route 1 at the earliest time, and synchronizes the ones collected backwards according to that time.
The foregoing indicates that arriving later represents incurring in longer travel times, since the
final intervals are the ones that are most affected by traffic.

Route 2 goes from school to node 5 in interval 2, from node 5 to 4 in interval 3 and arrives at
school in interval three at 6:45 a.m. Route 3 leaves the school at node 1 in interval 2, then goes
to node 3 in interval 3 and finally to school in interval 3.

Given the characteristics of the objective function in terms of guaranteeing that the child who
delays the most, does so in the shortest possible time, the model is forced to balance the routes,
which is evident since the departure time of the three School routes is 6.29 a.m. and all arrive at
6:45 a.m. Which evidences the interest to arrive at the earliest time of the route for what was
mentioned above, and the balance of the routes required in the performance function.

Fig. 2
Details of route 1
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4. Conclusions

The revised bibliography allows to identify that the time dependent SBRP has not been addressed
before, although there are developments in the routing, in general they have not been presented
for this specific class of problems, which places this research within the framework of an extension
of the field of knowledge for a specific class of problem.

The routing of school buses is a class of VRP, however it has particular elements that make that
the considerations of some characteristics have a specific impact on the problem, as for example
the case of performance functions, that can go beyond the economic, because people are
transported and the social and environmental dimensions have an important role in the evaluation
of a solution.

The consideration of not waiting at the nodes beyond the planned time of attention generates that
the model runs the time of departure and incur longer travel times. The above follows the
importance of addressing this same problem in a multi-objective environment, this in the sense
that reducing fuel consumption, for example, can cause it to leave during low traffic hours,
however, this would cause children to have to wait in a node or outside the school, which
increases their time spent on the road or the time between leaving home and being in school.

Finally, it is important to test the scalability of the model since the problem grows exponentially
depending on the nodes, heterogeneity of the vehicles or time periods, in that sense it is
important to explore other strategies, such as heuristic goal or artificial intelligence as genetic
programming.
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